In this paper we will show how hypergraphs and some measures related to them can help in extracting information about Collective Transportation Line Networks. We will also prove that these measures satisfy certain properties that validate their use to compare the connectivity of different networks.
Introduction
Collective Transportation Line Networks (CTLN) have been classified as complex systems. In order to understand the organization and functioning of these systems, in the last two decades graph theory representation has been applied and several coefficients and measures have been introduced. Some of the features studied to characterize networks representing complex systems are the average path length and the clustering coefficient (see [1] ). These two measures were modified in [2] in order to fit them to transportation networks. Thus, in the last paper, the local and global efficiency were adapted so that they could be applied to transportation networks, instead of the average path length and clustering coefficient, respectively. In particular, these concepts have been applied to the Boston subway [3] . The related concept of vulnerability has been applied (see [4] ) to other subway networks along the world. More recently, indexes to evaluate the robustness of a railway network against interruptions in the normal functioning of its links (both accidental interruptions and intentional attacks) have been introduced in [5].
CTLN planning contains several intertwined problems: network design, line planning, timetabling, resource scheduling, etc., with several agents (public organizations, a e-mail: ebarrena@us.es b e-mail: aliciasantos@us.es c e-mail: jmesa@us.es d e-mail: perea@eio.upv.es
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The European Physical Journal Special Topics private companies, users) involved. Three layers can be distinguished from the network perspective: the infrastructure network, the line network, and the passenger system. In this work, we are concerned with the line network level, where one is usually interested in analyzing the connectivity of its lines, i.e., how easy/hard it is to transfer from one line to another. CTLN riders are reluctant to transferring from one line to another because of inconvenience and extra travel time. It can be noted that, in urban CTLN, the proportion of users who transfer twice is very low and nearly nobody transfers three times, in these cases they prefer to use a different mode of transportation.
Since graphs are not enough to study the transfer system, in order to analyze the connectivity of CTLN, in Sect. 2 we represent them as hypergraphs and their corresponding linear graphs. Some related measures will be presented and analyzed in Sect. 3. For the sake of readability, all technical proofs have been omitted here and are presented in the technical report [6] instead. Four metro systems have been chosen for comparing the values of these measures in Sect. 4.
Representation of line networks by means of hypergraphs and their associated linear graphs
In this paper we are interested in analyzing the functioning of a collective transportation line network (CTLN) with respect to the number of transfers. For this purpose, several graph representations are used. We will represent a collective transportation line network G by its set of lines, that is, G = {L 1 , . . . , L }, where L i = {s i 1 , . . . , s i ki } are the i-th line and its set of stations, so that s i j and s i j+1 are directly linked, for all i = 1, . . . , , j = 1, . . . , k i − 1. If s i ki and s i 1 are also linked, L i is a circular line. For the sake of readability, each line L i is presented as a set, even if its elements (stations) follow the order of the line's path. In the upper graph of Fig. 1 we show an example of a collective transportation line network.
Let us define three different structures associated to the CTLN: the transit hypergraph and its associated linear graph and multigraph. A collective transportation line network can be represented by a hypergraph (see [7, 8] ) as follows.
Definition 1. Let G = {L 1 , . . . , L } be a CTLN. We define H = (V (H), E(H)) as its associated hypergraph, where the node set V (H) = {s 1 , . . . , s k } is formed by the stations of G and the hyperedge set E(H) = {L 1 , . . . , L } consists of the network lines so that each hyperedge L i consists of a subset of V (H): the stations/stops where L i stops. From now on, we call this hypergraph a transit hypergraph.
Note that elements in E(H) do not need to be pairs of elements of V (H), as opposed to standard graphs. Figure 1 bottom left graph shows the transit hypergraph of the Vienna metro network where, for the sake of readability, only transfer stations (T i ) have been depicted. On every hyperedge, the number of stations constituting the corresponding metro line is indicated. It is interesting to note how the graphical representation of a relatively complex network can be highly simplified by means of its corresponding hypergraph. In the following, H refers to a general hypergraph and H to the transit hypergraph.
The following definition introduces the second network structure we are to study: the concept of linear graph (see [7, 8] ) associated with the transit hypergraph.
Definition 2. Let G = {L 1 , . . . , L } be a CTLN, and let H be its associated hypergraph. The linear graph of H is denoted by L(H) = (V (L(H)), E(L(H))),
